Abstract. This paper is dealing with functional organization of a call center based on human operator work. Due to significant fluctuations of user demands during the day and from day to day, the determination of required number of agents appears as actual giving the opportunities for efficient management. The purpose of this paper is to develop a mathematical model for optimal resource allocation in a call center in order to provide a satisfactory quality of service at all times, without having more agents than necessary. The objective is to find the best staffing levels or schedule that minimizes the daily costs while satisfying all constraints. To solve this problem, we propose here a two-level dynamic programming (DP) algorithm that determines the required staffing levels by shifts. The algorithm enables optimal allocation of available human resources such that the operation costs are reduced as much as possible. The practical sample is demonstrated in a case of a call center for public traffic and transport systems in metropolitan. The results comparison for different shifts duration is performed.
Introduction
Call centers or their contemporary successors contact centers, are the preferred and prevalent way for many companies to communicate with their customers. In the last decade, there has been spectacular growth in retail business conducted by telephone. It has been recognized that a critical factor in a business success in this environment is being able to respond rapidly to customer requests. At the same time, the costs of staffing telephone call centers have become a substantial part of business expense. Agent scheduling, or staffing, deals with matching the offered call volume with agents. Thus, it is essential to manage efficiently telephone call centers, so that customer requests are met without excess staffing (Whitt 1999) . The objective of a call center is usually to obtain at least a certain minimal service level (SL) for minimal costs (Koole 2004) . Mathematics can play an important role in getting the best out of the service level/cost trade-off of call centers (Koole 2007) .
As indicated, the call center industry itself is vast and rapidly expanding. It is estimated that about four million people in the United States (3% of the workforce) work in contact centers, with the number growing by about 20% per year (U.S. Bureau of Labor Statistics). Many statistics have been collected demonstrating the economic importance of contact centers. In this paper, we aim to contribute to the better design and management of telephone call centers and their organizations. The research effort is important because call centers comprise a large, growing part of the economy and because they are quite complicated (Whitt 2002) . Classic call centers are complicated because there are often many types of calls, requiring different service skills, serving multiple classes of customers with different needs. Another reason call centers are complicated is that waiting customers may abandon (Whitt 2005) .
Choosing the best plan, finding the best conditions of system functioning or choosing the best management are very difficult tasks. In addition, because of a great variety of problems, complexity of optimization becomes huge. The aim of optimal system management is to find the best variable values in order to minimize or maximize the chosen criteria function. Many decision-making problems may be formulated as global optimization problems (Sakalauskas, Zavadskas 2009 ). Dynamic programming is a method of solving multi-stage problems in which decisions at one stage become the conditions governing the succeeding stages (Robinett et al. 2005; Bellman 2003) . Dynamic programming efficiently solves a broad range of search and optimization problems that exhibit the characteristics of overlapping sub problems and optimal substructure. A problem is said to have optimal substructure if the globally optimal solution can be constructed from locally optimal solutions to sub problems.
In this paper, dynamic programming (DP) method is suggested for determination the optimal number of agents by shift. Seven days period was considered making distinction between workdays, Saturday and Sunday as periods of different demand intensity and time distribution. Multi-dimensionality and large extent of the problem were the reason for leaving the typical approach of DP and applying two-level concept. Such approach has shown a number of advantages. The problem may be solved on the systematic basis, by finding of the local optimums. Simple and easy input data changing for only one or two subsystems is provided offering high convenience of model use in practice.
This paper proposes a staffing algorithm to determine the required number of agents by shifts, which is based on two-level dynamic programming approach. The main goal is to reduce the operational costs of a call center and the number of unsuccessful calls, without having more agents than necessary i.e. the minimum number of agents needed to guarantee the appropriate quality of service at minimum cost (actually revenue minus cost). Significant steps in that direction were made by Borst and Ganet (Borst et al. 2004; Garnett et al. 2000) ; they included costs in many servers asymptotic. For an overview of contact centers and various mathematical models that have been applied to them, see (Gans et al. 2003) .
The proposed algorithm tries to determine not only the optimal number of agents during the time of the day and the day of the week, but also to provide that all agents be uniformly engaged for full working time. The practical sample was demonstrated in the case of a call center for traffic and transport system in metropolitan. The results comparison was performed for different shifts duration. A software application in Visual BASIC was developed as a simulation tool of corresponding operation of any call center.
The paper is organized in the following way. Section 2 discuses briefly the call center operation. In section 3 we give the problem statement of the optimal allocation of human resources in a call center. Section 4 contains detail description of the proposed two-level DP staffing algorithm. Section 5 is devoted to the description of the obtained optimization results. Finally, the conclusion is given in the Section 6.
Call Centers Background
A call center is a collection of resources (typically agents and ICT equipment) capable of handling customer contacts by telephone. If the call center handles not only telephone contacts but also contacts by fax, email, and so forth, then it is usually called a customer contact center. A contact center is a collection of resources providing an interface between a service provider and its customers. The classical contact center is a call center, containing a collection of service representatives (agents) who talk to customers over telephone. In a call center, the agents are supported by quite elaborate information and communication technology (ICT) equipment, such as a private branch exchange (PBX), an interactive voce response (IVR) unit, an automatic call distributor (ACD), a personal computer and assorted databases. With a rapid growth of e-commerce, contact between a service provider and its customers is now often called a contact center (Whitt 2002) .
Call centers can be categorized along many dimensions. The functions that they provide are highly varied: from customer service, help desk, and emergency response services, to tele-marketing and order taking. They vary greatly in size and geographic dispersion, from small sites with a few agents that take local calls -for example at a medical practice -to large national or international centers in which hundreds or thousands of agents may be on the phone at any time (Gans et al. 2003) . Call centers may have only inbounded traffic (customer-generated calls), only outbound traffic (telemarketing) or a combination of these. Inbound call centers are usually supported by interactive voice response (IVR) units, which serve as elaborate answering machines. Outbound call centers may have predictive dialers, which dial before an agent is available, attempting to anticipate when one will be available, thus reducing idle time, but unfortunately leading to some calls without a calling party, thus annoying the called parties (Barber 2002) .
The organizational structure of a call center may vary from the very flat -in which essentially all agents are exposed to external calls -to the multi-layered -in which a layer represents a level of expertise -and customers may be transferred through several layers before being served to satisfaction. A central characteristic of a call center is whether it handles inbound or outbound traffic (Gans et al. 2003) . Our focus in this article is on inbound call centers and flat organizational structure.
Call centers usually handle several types of calls, but it is usually not possible or cost effective to have every agent be able to handle every type of call. Thus, the agents tend to have different skills, in different combinations. In such an environment, it is challenging to route calls effectively and determine the staff requirements (Rodney and Whitt 2005 ).
An important feature of any call center, as well as most other service systems, is that demand for service varies greatly by time of day, as illustrates the Fig. 1 . In such circumstances, the main problem is how to set appropriate staffing levels in the face of such time varying demand (Whitt 2007) . For a review of staffing methods to cope with time-varying arrivals, see (Green et al. 2001 (Green et al. , 2007 .
The required number of agents is proportional with instantaneous offered load, which is the product of the arrival rate and the average service time (for example: 10.000 calls per hour x 0.01 h = 100 agents).
Problem Statement
The optimization problem we discuss here is: how can we set appropriate staffing levels by shifts in the face of time-varying demand? We consider a single call center with a single group of agents, serving a group of callers. In other words, we reflect on standard staffing problem of a single-skill inbound call center. The staffing problem is to determine the required number of agents as a function of time to minimize the operational costs. The goal is to provide a satisfactory quality of service at all times, without having more agents than necessary. Quality of service can be defined as the degree of satisfaction of callers with the (Radojicic 2004 ). This service level consists of many different aspects, related to the quality of the answer, the waiting time of the customer, etc. Here we are concerned with the number of agents required as a function of time, assuming for simplicity that the number can change continuously through time. In pratice, however, staffing changes typically can occur only periodically per shift, so that the staffing level is constant during a shift. The analysis is based on an idealized model of a call center in which the number of employed agents is constant over time, assuming that a new agent is immediately hired to replace each departing agent. It is important to recognize that it may be more effective to provide appropriate flexibility to do real-adjustments than to carefully determine the «best» staffing level in advance (Whitt 2007) .
The long-term staffing problem can be expressed as the resource assignment problem: minimize the total agent hours assigned, subject to specified quality of service constraints holding at all times. It is, in fact, the allocation of one resource of volume S 1 to activities i = 1, ..., N.
Each activity i is assigned a part of resource x i and it is characterized by the efect function f i , i = 1, ..., N. These functions show the efect dependence from volume of resource which is assigned to each activity i. The basic assumption is that the efects could be expressed by the same units of measure. Further assumption is additivity, i.e., the total effect of allocation equals to the sum of individual effects. A next one is independence, i.e. resource assignment to some activity has no influence on the effects of other activities. A general optimization task of resource allocation could be defined as follows: to assign resources of quantity x over N activities such that the total effect function is maximized or minimized. In other words, it is neccessery to determine x 1 , ..., x N , in order to optimize the criteria function, i.e. the function of total effect 
Two-Level Resource Allocation Algorithm
Dynamic programming is powerfull tool for solving the assigment problem of one type of resource, nevertheless on the dimension of the number N. Since DP procedure is quite computationally intensive, it is the reason why we propose here a two-level DP algorithm for optimal resource allocation, consisting of the coordination level and the subsystem level. The coordination level makes decisions about resources allocation throughout the whole system. The subsystem level makes decisions about resources allocation to the individual subsystems: working day (w), Saturday (st) and Sunday (sn). Because the individual daily traffic profiles during the working days differ only little in shape and traffic intensity between each other it allows us to form one integral subsystem -working day. The individual daily traffic profiles during the Saturday and Sunday differ in shape and traffic intensity significantly, between each other, so we composed two more subsystems. These individual subsystems allocate the resources to activities. The two-level concept for resource allocation in a call center is illustrated by Fig. 2 . Accordingly, the two-level dynamic programming staffing algorithm consists of two-phase optimisation procedure. At the coordination level, the optimal number of agents is assigned to each individual subsystem. At the subsystem level these resources are allocated to activities in order to minimize the cost effect (penalty) function. The penalty function depends on the number of currently engaged agents. The surpluse of agents leads to an additional costs due to agent`s inefficient usage -surpluse costs. Otherwise, lacking of agents produce costs due to lost calls -costs due to lost calls. In other words, the average number of one hour arrivals, k ij , coresponds to «ideal» number of required agents, d ij , without lost calls. The ideal number of agents, d ij , is defined by equation (1),
where are: i -ordinal number of shift, j -ordinal number of one-hour interval during a shift, k ij -the average number of arrivals during one-hour, P -the average number of served calls per agent during one-hour. We define the penalty function f i (x i ) by following equations:
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where are: c 1 -agent cost per hour, c 2 -service price, P -average number of served calls per agent during one-hour, x i -engaged number of agents by shift i, d ij -ideal number of agents, m -shift duration (for example: 4 h, 6 h or 8 h).
The more difference between the number of ideal and engaged agents, d ij -x i , the penalty function, f i (x i ), increases, as shown by Fig. 3 The penalty function represents the efect function, that has to be minimized. Generally, the efect function could be represented by a piece -wise function with a step D, as shown by Fig. 4 . Figure 4a illustrates the efect function which has a minimal value. It is the area where it is expected to find the optimal resource value. If the minimal value of the efect function could not be found (Figure 4b ), then the available resource is not well estimated. In that case the resource, S, has to be increased. We assumed the uniform step discretion ∆ of the total resource, S. In our case, the resource is the number of agents, therefore it is naturally to assume the unity step of discretion, ∆ = 1.
The penalty function for the total available resource of agents is given by equation 3. 
such that the constraint (4) is satisfied: 
where are: K r -the average number of calls during a working day, K s -the average number of calls during the Saturday, K n -the average number of calls during the Sunday. The optimal numbers of agents, x i , by shifts, have to satisfy the condition given by following equation:
, (6) where are: n -number of shifts during 24 hours, m -shift duration, C -the total number of available agents. Naturally, since the call center, need to be available permanently during the 24 hours, the number of agent by shift has to satisfy the following constraint:
The dynamic programming recurrent equations for sub-system level are given by equations (8)- (10):
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At the coordination level, the total available resource, S, is assigned to each sub-system resource: y w , y st and y sn , by applying the following recurrent equations (11)- (13) 
The optimal solution is obtained by eliminating each resource value, S, which does not reduce the effect function.
A software application in Visual basic was developed as the optimization tool for human resource allocation. The graphical user-friendly interface for input data is illustrated by Fig. 5 .
Simple and easy input data changing for only one or two subsystems is provided offering high convenience of model used in practice.
The computational complexity of such approach is improved by reducing the number of calculations and partial results that have to be memorized. Therefore, the CPU times and the required operating memory are reduced.
A Practical Sample
A practical sample was demonstrated in a case of a Call center for Public Traffic and Transport System in metropolitan, equipped with 68 work stations, each supported with two circuit lines.
The average number of one-hour arrivals, k ij , for typical days in a week-Working day, Saturday and Sunday, obtained during the referent measurement period are shown by Fig. 6 .
Given data on the number of calls is used to estimate the hourly agent requirements. The required number of agents is proportional to the instantaneous offered load. Some of the quality of service parameters of the considered call center obtained by measurements are the following: the percentage of successful calls from 10 a.m. to 5 p.m. is 55.9%, the percentage of successful calls from 10 p.m. to 11 p.m. is only 25%, the percentage of unsuccessful calls due to operators occupation from 10 a.m. to 5 p.m. is very large and it goes even up to 40.7% etc. Because of great number of lost calls, this call center was chosen to demonstrate the method proposed above.
The optimization results could be compared for different shift duration (for example: m = 4, m = 6 or m = 8 hours) and traffic input data. For the given total available resource, S, DP procedure gives one or more optimums. Moreover, for any resource value less than S and the number of agents by shifts less than x i the optimal solution could be obtained, too.
The software application was tested for different total number of available agents C = {100, 110, 120, ...}. It is assumed that the agent cost per hour and the service price are c 1 = 9.02 (€) and c 2 = 0.32 (€), respectively. In our practice case, the measurement results show that the mean holding time does not change significantly during the day due to specific character of this call center service. Namely, the callers always asking the similar requests and agents spent the similar time until answering. Therefore, we assumed the constant mean holding time, h = 40 s, obtained by measurements. Also, taking into account the time breaks of 10 minutes per hour for each agent, the average number of calls that could be served is estimated to P = 75 calls/hour. We tested the software application and compare the results for two shifts duration: m = 4 and m = 8 hours. For given input data, the output results at the subsystem level and the coordination level are shown by Tables 1a; 1b ; 2a; 2b; 3a; 3b; 4a; 4b; 5a; 5b; 6a; 6b. A The optimal resource alocation by shifts shown in Table 1b gives the optimal value of added cost function F * (1000) = 46529.57 (€). The optimal resource alocation by shifts shown in Table 2b gives the optimal value of added cost function F * (1100) = 40064.57 (€). The optimal resource alocation by shifts shown in Table 3b gives the optimal value of added cost function F * (1200) = 34860.03 (€). The optimal resource alocation per shifts shown in Table 3b gives the optimal value of added cost function F * (500) = 49396.34 (€). The optimal resource alocation by shifts shown in Table 3b , gives the optimal value of added cost function F * (550) = 44190.57 (€). The optimal resource alocation by shifts shown in Table 6b gives the optimal value of added cost function F * (600) = 38984.59 (€). From the results above, it could be noticed that increasing the total number of available agents (C) i.e. the total available resource, S, the optimal value of added cost function, F * (S), is reduced. In a case of shift duration m = 4 hours, the absolute minimum of cost function, F * (S) = 18614.85 is reached for the total available resource S = 1794 i.e. the total number of available agents C = 180, while in a case of shift duration m = 8 hours, the absolute minimum Table 7 .
. Output results for shift duration m = 4 hours

B. Output results for shift duration m = 8 hours
The comparative results of added cost function values for two shift durations m = 4 hours and m = 8 hours are illustrated by Fig. 7 .
It could be noticed that the better results are achived for shorter shift duration (m = 4h). The call center long-term operation costs savings are much greater, because the obtained results are calculated only for one week.
Conclusions
We have presented a mathematical framework to help think about the way management actions to reduce operational costs and increase quality of service to the customers and increase call center performance. We proposed the two-level dynamic programming approach for optimal allocation of human resources in a call center. This method decomposes the complex problem of determination the optimal number of agents by shifts into the several less complex sub-problems (subsystems). By solving these individual sub-problems, the solution of original problem could be obtained efficiently. Multi-dimensionality and large extent of optimization problem was the reason for leaving the typical DP approach and applying the proposed two-level approach. Such approach has shown a number of advantages. The problem may be solved on the step-by-step basis, by finding of local optimums. By introducing this two-level concept, the CPU times as well as the required computer memory resources are improved. Based on the proposed algorithm, the software application in Visual Basic was developed. The proposed model has several managerial implications. Managers can use our model to obtain the results for optimal allocation of human resources by shifts at any moment, such that the quality of service and the economical constraints are satisfied. The optimal problem solution could be achieved only if the sufficient number of agents/work stations is available. In a case of insufficient number of agents/work stations, managers are able to obtain the results that respond only to proper allocation of agents, without the possibility to improve the quality of service significantly. By applying our resource allocation algorithm, the significant longterm cost savings could be achieved and the efficiency of agent's operation time is improved.
This call center software application is user-friendly which enables simple and easy input data changing, offering the managers high convenience of model using in practice. The practical implementation of the proposed model for various traffic and transport companies are tickets reservation/sales, information about time-tables, positions of parcels and packages (track and trace information), various complains etc.
